Abstract. Let A be a commutative unital Banach algebra, g be a semisimple complex Lie algebra and GðAÞ be the 1-connected Banach-Lie group with Lie algebra g n A.
Introduction
If g is a finite-dimensional complex semisimple Lie algebra and A is a unital commutative Banach algebra, then gðAÞ :¼ g n A carries a natural Banach-Lie algebra structure with respect to the A-bilinear extension of the bracket. As we shall see below, there always exists a (1-connected) Banach-Lie group GðAÞ with Lie algebra gðAÞ. For any parabolic subalgebra p L g, we then obtain a connected Banach-Lie subgroup PðAÞ with Lie algebra pðAÞ :¼ p n A L gðAÞ, which leads to the complex homogeneous spaces X ðAÞ :¼ GðAÞ=PðAÞ generalizing the finite-dimensional complex flag manifolds.
In [8] we have studied homogeneous vector bundles over a class of Banach manifolds generalizing those of the form GðAÞ=PðAÞ. Some of the main results of that paper are that for each holomorphic Banach representation r : PðAÞ ! GLðEÞ, the space of holomorphic sections of the associated bundle G Â r E always carries a natural Banach space structure turning it into a holomorphic GðAÞ-module and that every irreducible holomorphic GðAÞ-module embeds in such a space of holomorphic sections. These results constitute natural extensions of the Borel-Weil theory for finite-dimensional reductive complex Lie groups.
In this paper we obtain a complete classification of all homogeneous holomorphic line bundles over X ðAÞ with non-zero holomorphic sections. In particular, we show that all these line bundles are tensor products of pullbacks of line bundles over the finitedimensional compact complex manifold X ðCÞ by evaluation maps j X h : X ðAÞ ! X ðCÞ induced by unital algebra homomorphisms h : A ! C. In the special case when A ¼ C k ðM; CÞ for a compact manifold M the manifold X ðAÞ is a covering space of (a connected component of) the mapping space C k À M; X ðCÞ Á . In this setting the evaluation maps are given by evaluating maps at points of M. Our result then generalizes a theorem by N. Zhang about holomorphic line bundles over the loop space of the Riemann sphere which are invariant under the action of the C k -loop group of GL 2 ðCÞ (cf. [17] ). However, Zhang also considers the case of smooth loops, i.e., k ¼ y, in which the loop space is a Fréchet manifold, but this does not fit into our setting.
If, in addition, A is a C Ã -algebra, then the involution of A and the Cartan involution on g can be combined to an involution on the Banach-Lie algebra gðAÞ, which leads to an antiholomorphic involution Ã on the corresponding Lie group GðAÞ. For these groups the natural class of representations are those holomorphic representations p : GðAÞ ! GLðHÞ on complex Hilbert spaces H which are compatible with the involution. On the unitary groups U À GðAÞ Á :¼ fg A GðAÞ : g Ã ¼ g À1 g they restrict to norm-continuous unitary representations, from which they can be reconstructed by analytic extension (cf. [9] ). We show that all irreducible representations of this kind can be realized in holomorphic homogeneous line bundles over X ðAÞ, from which we then derive a complete classification. Surprisingly, it turns out that all the irreducible representations are actually finite-dimensional and factor through multi-evaluation maps GðAÞ ! GðC N Þ G GðCÞ N .
The structure of the present paper is as follows: In Section 2 we explain our setup and collect some structural information on the Lie algebras gðAÞ. Section 3 is completely independent of our representation theoretic framework. Its main result is Theorem 3.3, asserting that every multiplicative holomorphic map w : A ! C on a unital commutative Banach algebra is a finite product of algebra homomorphisms. This observation is the key to our results on the holomorphic line bundles L w ! X ðAÞ associated to holomorphic characters w : PðAÞ ! C Â . Theorem 4.2 provides a characterization of those characters w for which L w has non-zero holomorphic sections, as those which are products of characters pulled back from dominant characters of PðCÞ by homomorphisms j h : PðAÞ ! PðCÞ induced by algebra homomorphisms h : A ! C. This theorem is proved in Section 5 by first showing that, for the special case of g ¼ sl 2 ðCÞ, it follows from Theorem 3.3 and then deriving the general case by applying the sl 2 -case to sl 2 -subalgebras corresponding to simple roots of g. In Section 6 we apply all that to the special case where A is a unital C Ã -algebra. Finally, we show in Section 7 that, in general, the space O w À GðAÞ Á of holomorphic sections of L w is not finite-dimensional, although the corresponding line bundle is a pullback of a finite-dimensional one.
For A ¼ C k ðS 1 Þ, k A N 0 , the groups GðAÞ are variants of complex-loop groups. It is well known that, at least for k ¼ y, these groups have interesting central extensions with a very rich representation theory (by unbounded operators) (cf. [14] , [10] ), so that our results can also be understood as a contribution to the description of those representations of the centrally extended groups which are trivial on the center.
As a consequence of our main result, the space of holomorphic sections of L w contains a finite-dimensional GðAÞ-invariant subspace whenever it is non-zero. In particular, this leads to a natural class of finite-dimensional representations of groups of the type GðAÞ that deserve the name evaluation representations. Finite dimensional representations of Lie algebras of the form g n A, A a unital commutative algebra, are presently under active investigation from an algebraic point of view. In [16] one finds a survey on this theory for the case where A is an algebra of Laurent polynomials. For the larger class of Lie algebras of the form ðg n AÞ G , where A is the algebra of regular functions on an a‰ne variety and G a finite group acting on g and A, the irreducible finite-dimensional representations have recently been classified by Neher, Savage and Senesi [13] .
Also closely related to our setting is the notion of a Weyl module introduced in [3] . These are the maximal finite-dimensional modules of algebras of the form g n A generated by eigenvectors of b n A, where b is a Borel subalgebra of g. The connection to our context is as follows: For any line bundle L w as above, we can identify its space of holomorphic sections with a certain space O w À GðAÞ Á of holomorphic functions on GðAÞ, so that the evaluation ev 1 : O w À GðAÞ Á ! C is a morphism of PðAÞ-modules. In particular, ev 1 can be viewed as a PðAÞ-eigenvector in the dual GðAÞ-module O w À GðAÞ
which is in particular the case if A is finite-dimensional; cf. [8] , Corollary 3.9), then O w À GðAÞ Á Ã is a finite-dimensional GðAÞ-module generated by a PðAÞ-eigenvector. If the parabolic PðAÞ is minimal, these dual modules are Weyl modules. Conversely, the description of O w À GðAÞ Á as coinduced modules on the Lie algebra level in [8] , Section 2, implies that, whenever one can translate between the analytic and the algebraic setting, Weyl modules can be realized as duals of finite-dimensional GðAÞ-invariant spaces of holomorphic sections of some line bundle L w . For recent results on the structure of Weyl modules we refer to [5] , [4] .
Acknowledgement. We would like to thank Professor Ning Zhang for having brought his paper [17] to our attention.
Preliminaries
Let g be a finite-dimensional complex semisimple Lie algebra, h L g be a Cartan subalgebra, and D L h Ã be the corresponding root system, so that we have the root decomposition
We write a a A h for the coroot associated to a A D, i.e., the unique element a a A ½g a ; g Àa with að a aÞ ¼ 2. Fix a positive system D þ , and let P ¼ fa 1 ; . . . ; a r g denote the corresponding simple roots.
In the following A always denotes a complex unital commutative Banach algebra. Then gðAÞ :¼ g n A, equipped with Lie bracket defined by
is a Banach-Lie algebra with respect to the natural tensor product topology, for which gðAÞ G A dim g as a Banach space. We consider gðAÞ as a Lie algebra over the algebra A, hence sometimes write x n a A g n A also as ax. From the h-weight space decomposition
ðg a n AÞ;
we derive that gðAÞ is weakly D-graded in the sense of [8] , Definition 1.1, because it contains g D :¼ g n 1 and we have the h-weight decomposition from above.
To each subset P S L P, we associate a parabolic system of roots, defined by
g a be the parabolic subalgebra corresponding to S. Then pðAÞ :¼ p n A is called a parabolic subalgebra of gðAÞ.
The Lie-algebra gðAÞ integrates to a Banach-Lie group. In fact, if we choose some faithful representation g ! gl n ðCÞ, gðAÞ is a closed subalgebra of the Banach-Lie algebra gl n ðAÞ of n Â n-matrices with entries in A. This Lie algebra integrates to the Lie group GL n ðAÞ of all invertible matrices with entries in A. Hence gðAÞ is a closed Lie subalgebra of a Lie algebra of a linear Lie group, and therefore integrates to a Lie group [7] . Let GðAÞ, resp. GðCÞ, be simply connected Banach-Lie groups with Lie algebras gðAÞ, resp. g, and define Lie subgroups PðAÞ, resp. PðCÞ, as the connected subgroups with Lie algebras pðAÞ, resp. pðCÞ ¼ p.
Moreover, the subalgebra l is a semidirect sum l ¼ c y s, where
Let U :¼ exp u and L :¼ N PðCÞ ðlÞ X N PðCÞ ðuÞ. Then the multiplication map L y U ! PðCÞ, ðl; uÞ 7 ! lu, is a holomorphic isomorphism. In particular, L is connected because PðCÞ is connected.
(b) We define the groups C and S as the integral subgroups of L with Lie algebras c and s, respectively. Let H S be the integral subgroup of S with Lie algebra h S :¼ h X s. Then the integral subgroup H with Lie algebra h satisfies
and this implies that the multiplication map C Â H S ! H is an isomorphism of abelian complex Lie groups. The product group C Á S L G, being the integral subgroup with Lie algebra c l s, equals L. Hence the multiplication map C Â S ! L is surjective. To see that it is also injective, we note that its kernel is discrete and normal, hence contained in the center ZðC Â SÞ L C Â H S . The injectivity now follows since the restriction of the multiplication to C Â H S is injective. 
which leads to a covering map
Therefore the universal covering homomorphism
induces the holomorphic covering map
In the special case when M ¼ S 1 , the simple connectedness of X ðCÞ implies that C k À S 1 ; X ðCÞ Á is connected, so that X ðAÞ is a covering of C k À S 1 ; X ðCÞ Á .
Multiplicative holomorphic functions
In this section we are concerned with holomorphic functions j : A ! C on a commutative unital Banach algebra which are multiplicative, i.e., jðabÞ ¼ jðaÞjðbÞ for a; b A A.
Clearly, every algebra homomorphism has this property, and so does every finite product of algebra homomorphisms. The main result of this section (Theorem 3.3) asserts the converse, namely that any such j is a finite product of algebra homomorphisms.
We start with a simple algebraic observation.
Lemma 3.1. Let G be a finite group, and let s : G ! AutðAÞ be a representation of G as automorphisms of a unital algebra A over a field of characteristic zero. Let A G denote the subalgebra of G-invariants. Then every proper left ideal I in A G generates a proper left ideal in A.
Proof. Since the representation s of G on A is locally finite, we can decompose A as a finite direct sum A ¼ L t AĜ G A t ; whereĜ G denotes the set of irreducible representations of G, and A t is the t-isotypic component, i.e., the sum of all irreducible subrepresentations of s which are equivalent to t. Observe that A G is the isotypic component of the trivial representation. For any a 0 A A G , the map
proper ideal. Hence AI is a proper ideal. r Proposition 3.2. If A is a unital commutative complex Banach algebra and G L AutðAÞ a finite subgroup, then any algebra homomorphism j : A G ! C extends to an algebra homomorphismj j : A ! C and any such homomorphism is continuous.
Proof. The kernel I :¼ ker j is a proper ideal in the subalgebra A G , so that the preceding lemma implies that I is contained in a proper ideal of A. In particular, it is contained in a maximal ideal of A, so that the Gelfand-Mazur theorem implies the existence of a (continuous) homomorphismj j :
, it follows thatj j extends j. Its continuity follows from [15] , Theorem 11.10. r Theorem 3.3. Let A be a unital commutative Banach algebra and j : A ! C be a holomorphic character of the multiplicative semigroup ðA; ÁÞ. Then there exist finitely many continuous algebra homomorphisms w 1 ; . . . ; w n : A ! C such that
Proof. We first claim that j is a homogeneous polynomial of some degree n, i.e., there exists a symmetric n-linear mapj j : A n ! C with jðaÞ ¼j jða; . . . ; aÞ for every a A A. Indeed, the map C ! C, z 7 ! jðz1Þ; is holomorphic and multiplicative, hence of the form z 7 ! z n for some n A N 0 . From this, we get the homogeneity condition
On the other hand, we have a power series expansion
at the origin, where j k : A ! C is a homogeneous polynomial of degree k. Comparison of (4) and (5) yields j ¼ j n . We can thus write jðaÞ ¼j jða; . . . ; aÞ for a continuous n-linear mapj j : A n ! C.
Now let A nn denote the projective n-fold tensor product of A, which is the completion of the algebraic tensor product with respect to the maximal cross norm. It has the universal property that continuous linear maps A nn ! X to a Banach space are in one-to-one correspondence with continuous n-linear maps A n ! X . From the universal property and the associativity of projective tensor products it easily follows that A nn carries a natural unital commutative Banach algebra structure, determined by
The symmetric group S n acts by automorphisms on A nn by the continuous linear extensions of the maps which permute the tensor factors, i.e.
The fixed point algebra S n ðAÞ :¼ ðA nn Þ S n is also a unital Banach algebra. It is topologically generated by tensors of the form
and by polarization it is actually generated by the diagonal elements a4Á Á Á4a ¼ a n Á Á Á n a:
With the universal property of the Banach space S n ðAÞ, we find a continuous linear map c : S n ðAÞ ! C withj jða; . . . ; aÞ ¼ cða n Á Á Á n aÞ for a A A. For the diagonal generators of S n ðAÞ we now have
From the linearity of c and its multiplicativity on a set of topological linear generators of the Banach algebra S n ðAÞ, it now follows that c is an algebra homomorphism. By Proposition 3.2, we can extend c to an algebra homomorphism w : A nn ! C. Then jðaÞ ¼ wða n Á Á Á n aÞ ¼ wða n 1 n Á Á Á n 1Þwð1 n a n 1 n Á Á Á n 1Þ Á Á Á wð1 n Á Á Á n 1 n aÞ
where w i : A ! C is the character
with a occurring as the ith factor. Since every character of A is automatically continuous ( [15] , Theorem 11.10), this proves the theorem. r Remark 3.4. The preceding theorem basically asserts that for the commutative Banach algebra S n ðAÞ, the natural map
s surjective, and it is not hard to see that this leads to a topological isomorphism
where the symmetric group S n acts onÂ A n by permutations.
It is an interesting problem to find a non-commutative analog of this result (for C Ã -algebras) (cf. [1] for some results pointing in this direction).
Remark 3.5. There is an interesting algebraic version of the preceding theorem which may also be of interest in other contexts. Let A be a finitely generated unital commutative algebra over an algebraically closed field K of characteristic zero and j : A ! K a non-zero multiplicative polynomial map. Then there exists an n A N 0 with jðz1Þ ¼ z n for all z A K and algebra homomorphisms w 1 ; . . . ; w n :
To verify this claim, we first consider the polynomial K ! K, z 7 ! jðz1Þ. Since it is multiplicative and non-zero, it maps K Â into K Â , so that it has no zero in K Â . This implies that jðz1Þ ¼ z n for some n A N 0 and all z A K. We conclude that j is a homogeneous polynomial of degree n.
Following the same line of arguments as above, we have to extend a homomorphism c : S n ðAÞ ! K to an algebra homomorphism A nn ! K. In view of Lemma 3.1, this reduces to the problem to show that every maximal ideal J of A nn has the property that A nn =J G K. Since A is assumed to be finitely generated, the same holds for the quotient field of A nn , so that it is a quotient of some polynomial ring K½x 1 ; . . . ; x N . Therefore the assertion follows from Hilbert's Nullstellensatz.
Homogeneous line bundles
Let w : PðAÞ ! C Â be a holomorphic character. We define the associated holomorphic homogeneous line bundle
and write its elements as ½g; v, which are the orbits for the PðAÞ-action on GðAÞ Â C by p:ðg; vÞ :¼ À gp À1 ; wðpÞv Á . We identify the space of holomorphic sections of L w with
LetÂ A denote the space of all unital continuous algebra homomorphisms A ! C. We recall that this is a compact space with respect to the weak-Ã-topology on the topological dual space A 0 , and that the Gelfand transform G : A ! CðÂ AÞ; a 7 !â a;â aðhÞ :¼ hðaÞ is a homomorphism of Banach algebras (cf. [15] , Chapter 11).
For any h AÂ A, we obtain a homomorphism of Lie algebras j h : gðAÞ ! g; x n a 7 ! hðaÞx;
and, since GðAÞ is 1-connected, it integrates to a holomorphic homomorphism of complex Banach-Lie groups j G h : GðAÞ ! GðCÞ:
Remark 4.1. If x : PðCÞ ! C is a holomorphic character, then by the isomorphism PðCÞ G U z L G U zðS z CÞ (cf. Remark 2.1), and the fact that S is connected, semisimple, and u L ½pðCÞ; pðCÞ, it follows that x is uniquely determined by its restriction to the subgroup C. Hence the groupP PðCÞ of holomorphic characters PðCÞ ! C Â is generated by the characters of the form x a , where 
This implies in particular that L w is the tensor product of line bundles of the form ðj
where Lðx j Þ is a fundamental weight of g.
The preceding theorem has interesting consequences for the mapping spaces Recall that the continuous characters of the Banach algebra C k ðM; CÞ are given by evaluation at points of M. By the above theorem, and the fact that w andw w have the same derivative at the identity, the connectivity of C k À M; PðCÞ Á 0 implies that w is of the form
for some points m 1 ; . . . ; m n A M and fundamental holomorphic characters
This proves the necessity part of the claim. The other direction is clear. r
Remark 4.4. (a) If the group
GðAÞ is connected, but not simply connected, then the preceding theorem applies to the universal covering group q :G GðAÞ ! GðAÞ. IfP PðAÞ, resp. PðAÞ, denote the connected subgroups ofG GðAÞ, resp. GðAÞ, with Lie algebra pðAÞ, then we derive that O w À GðAÞ Á 3 f0g implies that the characterw w :¼ q Ã w :P PðAÞ ! C Â is a productw
Since, in general, an algebra homomorphism h j : A ! C does not lead to a group homomorphism GðAÞ ! GðCÞ, we have to face the di‰culty to express the information directly with respect to the group GðAÞ.
(b) However, if GðAÞ is functorially attached to A, such as the groups SL n ðAÞ 0 , Sp 2n ðAÞ 0 or SO n ðAÞ 0 , every algebra homomorphism h : A ! C induces a morphism of Banach-Lie groups j G h : GðAÞ ! GðCÞ, regardless of whether GðAÞ is simply connected or not. Then (7) implies that
which immediately leads to
because q :P PðAÞ ! PðAÞ is surjective.
Remark 4.5. Theorem 4.2 implies in particular that if L w has non-zero holomorphic sections, then it is a tensor product of pullbacks of finite-dimensional line bundles over X ðCÞ. Accordingly, the products of the pullbacks of the finite-dimensional spaces of holomorphic sections of these line bundles over X ðCÞ form a finite-dimensional non-zero G-invariant subspace of O w À GðAÞ Á . The results in [8] imply that this subspace is contained in every closed GðAÞ-invariant subspace. However, the GðAÞ-module structure on the Banach space O w À GðAÞ Á is far from being semisimple. As we shall see in Section 7 below, the space O w À GðAÞ Á can be infinite-dimensional, although it contains a finite-dimensional minimal non-zero subspace. With the dominant fundamental character (with respect to D þ ¼ fÀag)
Proof of
we now obtain
As PðAÞ ¼ expðA a aÞUðAÞ and w vanishes on UðAÞ, this implies that
The character x satisfies LðxÞðÀ a aÞ ¼ 1, hence it is dominant and fundamental. The corresponding line bundle L x then admits non-zero holomorphic sections by the classical Borel-Weil Theorem, and this implies that the line bundle
The line bundle L x is the bundle of hyperplane sections over the Riemann sphere. Its space of holomorphic sections is the two-dimensional fundamental representation of SL 2 ðCÞ on the dual space of C 2 .
The general case.
Proof of Theorem 4.2. We have already seen that (6) is su‰cient for the existence of non-zero holomorphic sections. We now prove that it is also necessary.
For any simple root a A P, consider the sl 2 ðCÞ-subalgebra
For the corresponding 1-connected Banach-Lie groups, we then have morphisms If O w À GðAÞ Á 3 f0g, then, in view of the left invariance of this space, we also have that
From the sl 2 -case we thus obtain algebra homomorphisms h a 1 ; . . . ; h a n a AÂ A with
where j h a j : G a ðAÞ ! SL 2 ðCÞ is the corresponding evaluation homomorphism.
If i a : G a ðCÞ G SL 2 ðCÞ ! GðCÞ is the homomorphism integrating the inclusion g a ! g, then the corresponding fundamental weight x a AP PðCÞ satisfies i 
Since pðAÞ ¼ ½pðAÞ; pðAÞ l L a A P S A a a (cf. Remark 2.1), the restrictions to the subgroups P a ðAÞ of PðAÞ, a A P S , determine the character w via
(cf. Remark 4.1). We conclude that w is a product of pullbacks of dominant fundamental characters x a by certain evaluation homomorphisms j G w , and this completes the proof. r 6. The case of C *-algebras Theorem 3.3 provides a complete classification of all homogeneous holomorphic line bundles over the spaces X ðAÞ with non-zero holomorphic sections. The main reason for these bundles playing a role in the classical context A ¼ C is that the Borel-Weil Theorem asserts that the corresponding spaces of holomorphic sections are always irreducible and that every irreducible finite-dimensional holomorphic representation of GðCÞ can be realized in this way if PðCÞ is a Borel subgroup, i.e., P S ¼ P.
For general commutative Banach algebras, one cannot expect such a sharp picture, as the examples discussed in [12] show. Here the main source of the lacking semisimplicity of the representations lies in the algebra, the simplest examples arising for the twodimensional algebra A ¼ C½e of dual numbers, where e 2 ¼ 0. As we know from the Gelfand theory of commutative Banach algebras, commutative C Ã -algebras are the prototype of commutative Banach algebras, and any semisimple commutative Banach algebra A embeds continuously into the C Ã -algebra CðÂ AÞ by the Gelfand transform.
In this section we therefore study the special case where A is a commutative unital C Ã -algebra. Let s : g ! g be an involutive antilinear automorphism satisfying sðg a Þ ¼ g Àa for each root a and observe that this implies that sðhÞ ¼ h and sð a aÞ ¼ À a a for a A D:
We combine s with the involution a 7 ! a Ã of A to an antilinear map Ã : gðAÞ ! gðAÞ; x n a 7 ! ÀsðxÞ n a Ã ; satisfying ðx Ã Þ Ã ¼ x and ½x; y Ã ¼ ½y Ã ; x Ã for x; y A gðAÞ:
Thus À gðAÞ; Ã Á is an involutive Banach-Lie algebra. In view of the Gelfand isomorphism, we have A G CðÂ AÞ and, accordingly, gðAÞ G CðÂ A; gÞ with f Ã ðwÞ ¼ Às À f ðwÞ Á . Since GðAÞ was assumed to be simply connected, there exists an antiholomorphic involution g 7 ! g Ã on GðAÞ satisfying
A holomorphic involutive representation of À GðAÞ; Ã Á is a pair ðp; HÞ consisting of a complex Hilbert space H and a holomorphic homomorphism p : GðAÞ ! GLðHÞ which is compatible with the involutions in the sense that
Such a representation is said to be irreducible if H contains no non-trivial GðAÞ-invariant closed subspace. We write dp : gðAÞ ! BðHÞ for the derived representation of gðAÞ by bounded operators on H.
Assume that ðp; HÞ is an irreducible involutive holomorphic representation of GðAÞ and PðAÞ is a connected parabolic subgroup. Then [8] 
where
corresponds to the space of holomorphic sections of the associated holomorphic vector bundle GðAÞ Â r E over X ðAÞ. The closure of the image of b G is the unique minimal closed GðAÞ-invariant subspace of O r À GðAÞ; E Á .
From the construction of the involution Ã on gðAÞ, we immediately derive that uðAÞ Ã ¼ nðAÞ and lðAÞ Ã ¼ lðAÞ. In particular, the subgroup LðAÞ L GðAÞ is Ã-invariant, hence also carries the structure of a complex involutive Banach-Lie group. Since the subspace uðAÞH of H is LðAÞ-invariant and LðAÞ Ã ¼ LðAÞ, the orthogonal complement E G À uðAÞH Á ? is also LðAÞ-invariant, so that the representation ðr; EÞ of LðAÞ actually is involutive.
If, in addition, PðAÞ is minimal parabolic, then l ¼ h shows that lðAÞ is abelian, so that Schur's Lemma implies that dim E ¼ 1, and thus r : PðAÞ ! GLðEÞ G C Â is a holomorphic character and the results developed above apply. In particular, Remark 4.5 implies that the minimal GðAÞ-invariant subspace of O r À GðAÞ; E Á is finite-dimensional, so that dim H < y. Further, the representation of GðAÞ on the minimal submodule factors through some evaluation homomorphism
To see how this information can be made compatible with the involution, we note that ker p t gðAÞ is a Ã-invariant ideal. Hence it is in particular g-invariant, and since gðAÞ G g n A is an isotypical semisimple g-module, the closed g-submodule ker p is of the form ker p ¼ g n I , where I L A is a closed Ã-invariant subspace. As ker p is an ideal, the relation ½x n a; ker p ¼ ½x; g n aI implies that I t A is an ideal. As dp À gðAÞ Á is finite-dimensional, A=I is a finitedimensional C Ã -algebra, so that the Gelfand Representation Theorem implies that A=I G C N as C Ã -algebras. We conclude that
as involutive Lie algebras. Since ðg; ÀsÞ has an involutive Hilbert representation, the fixed point algebra g s is compact, so that s actually is a Cartan involution and g s is a compact real form.
We collect the result of the preceding discussion in the following theorem:
Theorem 6.1. Let ðA; ÃÞ be a commutative C Ã -algebra, s A AutðgÞ be an involutive automorphism with sðg a Þ ¼ g Àa for each a A D and define an involution on gðAÞ by ðx n aÞ Ã :¼ ÀsðxÞ n a Ã . Let À GðAÞ; Ã Á be the 1-connected involutive Banach-Lie group corresponding to À gðAÞ; Ã Á . Then every irreducible involutive representation ðp; HÞ of GðAÞ is finite-dimensional and factors through an involutive surjective multi-evaluation homomorphism
Remark 6.2. From the preceding theorem we can now easily derive a description of all irreducible involutive representations of GðAÞ. Since every finite-dimensional involutive representation is a direct sum of the irreducible ones, this implies a classification of all finite-dimensional ones.
As every irreducible involutive representation factors through an involutive representation of some group GðCÞ N , the classification problem reduces to a description of all irreducible holomorphic involutive representations of this group. In view of Weyl's Unitary Trick, this is equivalent to the classification of irreducible unitary representations of the maximal compact subgroup
where s G is the antiholomorphic involution of GðCÞ with Lðs G Þ ¼ s and K :¼ GðCÞ s . As all representations of this product group are tensor products of irreducible representations of the factor groups K, their classification follows from the Cartan-Weyl classification in terms of highest weight modules of gðCÞ.
Remark 6.3. (a) The preceding discussion applies in particular to the universal covering GðAÞ ¼ f SL SL n ðAÞ 0 of the group SL n ðAÞ 0 for a commutative unital C Ã -algebra, if we take g ¼ sl n ðCÞ. Then the factorization of the representation through some GðCÞ N ¼ SL n ðCÞ N even implies that all irreducible involutive representations of GðAÞ factor through SL n ðAÞ 0 because the evaluation homomorphisms to SL n ðCÞ N have this property.
(b) The techniques developed above apply to groups of the form GðAÞ, where gðAÞ ¼ g n A and g is semisimple. If we want to extend the results to reductive Lie algebras g, we observe that, in this case,
where g 0 ¼ ½g; g is the commutator algebra and zðgÞ n A ¼ z À gðAÞ Á is central.
In view of Schur's Lemma, all irreducible involutive holomorphic representations ðp; HÞ of
is also irreducible. Therefore the classification in the reductive case splits into the classification in the semisimple case and the description of the holomorphic characters of
which can be identified with the elements in the dual space zðgÞ Ã n A 0 , which are invariant under the canonical extension of Ã.
For g ¼ gl n ðCÞ we have zðgÞ ¼ C, so that the holomorphic characters of Z À GðAÞ Á 0 correspond to arbitrary hermitian functionals a : A ! C. In particular, these functionals do not have to factor through evaluation maps. A typical example is the Riemann integral
f ðxÞ dx on the commutative C Ã -algebra A ¼ Cð½0; 1Þ.
An infinite-dimensional space of sections
We have seen in Theorem 4.2 that, whenever the space O w À GðAÞ Á is non-zero for a holomorphic character w : PðAÞ ! C Â , then the corresponding line bundle L w ! X ðAÞ is a product of pullbacks of line bundles L x ! X ðCÞ. Since the corresponding space O x À GðCÞ Á of holomorphic sections is finite-dimensional, we obtain a GðAÞ-invariant nonzero finite-dimensional subspace of O w À GðAÞ Á . In this section we describe an example where the space O w À GðAÞ Á is infinite-dimensional.
Throughout this section, we fix a commutative unital Banach algebra A and a unital algebra homomorphism h : A ! C. Let I :¼ ker h. As we shall see below, an important ingredient in our construction is the space T h ðAÞ :¼ I=I 2 , and we shall assume that this space is infinite-dimensional. and the homomorphism h : A ! C, hðv; lÞ :¼ l. Then I ¼ E and I 2 ¼ f0g, so that T h ðAÞ G I is infinite-dimensional if E has this property.
(b) An example which reminds more of an algebra of functions can be constructed as follows. Let E be a Banach space and A be the algebra of all analytic functions f ¼ P y n¼0 f n ( f n homogeneous of degree n) with
where k f n k :¼ sup kvke1 k f n ðvÞk, so that A can be considered as an algebra of functions on the closed unit ball of E. It is easy to verify that A is a Banach algebra with respect to pointwise multiplication. Further hð f Þ :¼ f ð0Þ ¼ f 0 defines a continuous homomorphism to C and
implies that
In particular, we obtain an injection E 0 ,! T h ðAÞ, so that this space is infinite-dimensional if E is.
(c) Another class of examples can be produced by considering for a unital commutative Banach algebra B the Banach algebra
of formal B-valued power series converging absolutely for jtj e 1. Then hð f Þ :¼ f ð0Þ A C defines a homomorphism h : A ! C, for which
so that T h ðAÞ G B, as a Banach space. 
We write Der h ðA; EÞ for the space of all h-derivations on A.
Remark 7.3. Clearly, for d A Der h ðA; EÞ, the relation dð1Þ ¼ 2dð1Þ leads to dð1Þ ¼ 0, so that d is determined by its values on the hyperplane ideal I and (11) further implies that dðI 2 Þ ¼ f0g. Using the relation
it is easy to see that, conversely, every continuous linear map a A I ! E vanishing on I 2 defines an h-derivation via
This leads to an isomorphism of Banach spaces Der h ðA; EÞ G B À T h ðAÞ; E Á G fa A BðI; EÞ : I 2 L ker ag:
In this sense the map
is the universal h-derivation; every other h-derivation factors uniquely through d u .
For the construction of examples where O w À GðAÞ Á is infinite-dimensional, we shall focus on the case where g ¼ sl 2 ðCÞ and w is the square of a pullback character, i.e., m ¼ 2 in the notation of Theorem 4.2, resp. (10):
In this case the representation of SL 2 ðCÞ in the space O x 2 À SL 2 ðCÞ Á is equivalent to the adjoint representation of sl 2 ðCÞ, so that the pullback by j where GðAÞ, resp. the quotient group SL 2 ðAÞ, acts on this space by
Accordingly, we write sl 2 ðCÞ h for the GðAÞ-module sl 2 ðCÞ, endowed with this action. Using [8] , Proposition 2.13, we see that the quotient module O w À GðAÞ Á =sl 2 ðCÞ h is trivial because the only eigenvalue of a a on this space is zero. We take this as a motivation to study gðAÞ-modules V which are extensions of a trivial module W by sl 2 ðCÞ h : 0 ! sl 2 ðCÞ h ,! V ! ! W ! 0:
As sl 2 ðCÞ is finite-dimensional, the Hahn-Banach Theorem implies that any such module can be written as a direct sum V ¼ sl 2 ðCÞ h l W of Banach spaces, and the action is given by ðx n aÞ:ðy; wÞ ¼ À hðaÞ½x; y þ f ðwÞðx n aÞ; 0 Á ; Remark 7.6. It is interesting to note the interplay between the Banach algebra A and the character w in the above proposition. As a contrast, the tensor products of pulled back line bundles over the loop space C k ðS 1 ; CP 1 Þ by evaluation maps studied by N. Zhang always have finite-dimensional spaces of holomorphic sections (cf. [17] , Theorem 1.2(1)).
